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The monodromy groups of linearly polymorphic functions on compact Riemann surface 
have appeared of the 19-th century in works by F. Klein, H. Poincare, E. Picard [see 1-3], in 
connection with a uniformization problem compact Riemann surface. In 70 years of 20-th 
century monodromy groups have appeared again in works by C. Earle [4], I. ra [5; 6], B. 
Maskit [7], D.A. Hejhal [1-3] and R. Gunning [8], in connection with general uniformization 
problem and with the theory Teichmueller spaces. In 1985 year P.G. Zograf, L.. chtajain 
[9] solved the problem of the accessory parameters of the linear differential equation of the 
second order (so-called Fuchsian type) on compact Riemann surface. .B. Venkov [10] has 



(yr^ • found the explicit formulas for these parameters in terms monodromy groups, which are a 

1. Uniformization and linearly polymorphic functions. 



^ ! Fuchsian group. 
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O ■ In this section 1 we are investigated the monodromy group for linearly polymorphic func- 

tions on compact Riemann surface of genus (? > 2, in connection with standard uniformiza- 
tion of these surfaces by Kleinian groups. Uniformization (A, G) for compact Riemann 
surface F is called to be standard, if group G have not an elliptic elements and have not 
accidental parabolic elements, or natural projection vr : A — F is planar regular not ramified 
■ covering [7]. Here we are shown, how the algebraic description of monodromy group is con- 

nected with standard uniformization of compact Riemann surface. Also we find a neccessary 
and sufficients conditions, that a linearly polymorphic function on compact Riemann surface 
gave a standard uniformization of this surface. These conditions have simple topological 
sense. 

Let F be compact Riemann surface of genus g > 2, 7ri(F, O) - fundamental group surface 
F with basic point O. A complex projective structure on F is a maximal atlas from cards 
on F such that all transition maps belong to the group PSL{2, C) [8]. 

Definition 1.1. A locally meromorphic (multivalued) function z on F, which transforms 
linear fractionally under action group 7Ti{F,0), is called linearly polymorphic functions on 
F. 

Further we are considered only locally schlicht linearly polymorphic function on F. They 
play a very important role in modern uniformization theory and in theory of the Teichmueller 
spaces. 

Let {U, 7i) be the universal covering for F, where tt : U F - natural projection, U - unit 
disc with the center in the origin of coordinates on the extended complex plane C, and F is 
a Fuchsian group such that F = U /T. 



The linearly polymorphic function z on F can be lifted to a meromorphic (single-valued) 
function z — z{t) on U in such a way that 

z{At) = Az{t),te U,AeT, 

where p{A) = A E PSL{2, C) is group of linear fractionally transformations. Therefore a 
monodromy homomorphism p : F — )■ PSL{2, C) is determined. The image p(r) for F on 
p is called monodromy group A4[z] for z on F. 1. Kra [6] has named this function to be 
(r, p)— deformation of Fuchsian group F in [/, nd R. Gunning [8] (see also .E. povich [11]) is 
called it a developing map of this unramified complex projective structure on F. 

For the theory of functions more suitable is the term linearly polymorphic function, ac- 
cepted in work D.. Hejhal. This is according to historical tradition, coming from H. Poincare, 
P. ppell and E. Coursat [12]. 

Let us give two classical examples of linearly polymorphic function, which are connected 
with uniformization compact Riemann surfaces. 

Let TT : U F he universal covering mapping, for which F is group of covering trans- 
formations, hen multivalued inverse function w — 7r~^(^) will be locally schlicht linearly 
polymorphic function on F with monodromy group F. 

Let D G C and vr^ : D — )■ F is a Schottky covering, where the group of covering transfor- 
mations of TCs is the Schottky group Fs. hen function w = vr^^(0 will be locally single- valued 
linearly polymorphic function on F with the monodromy group F5. 

Let us note, that there are monodromy groups, which algebraically are arranged as a 
Fuchsian group F or as a Schottky group F5, but not connected with uniformization compact 
Riemann surface [1]. 

The function 

,W = {M}.(^)'-i(9|f 

is a Schwartz derivative for function z — z{t) on U. This function is holomorphic on U and 
satisfies the condition 

q{At){dAtf = q{t)dt^,te U,AeT. 

Hence, q = q{t)dt^ is the holomorphic (abelian) quadratic differential onU/V = F. 

Such linearly polymorphic functions on F can be received, as the quotient of two the 
hnearly independent solutions of the linear differential equation of the second order Fuchsian 
type on F [1]. 

Let B2{U, F) be a complex vector space of holomorphic quadratic differentials q — q{t)dt^ 
with respect to F on t/ with norm 

||g|| = supteu{{l - |^^|)X^)|} < 00. 

Classical method to construct of linearly polymorphic function on quadratic differential 
consist in the following: let q G B2{U,r), then there exists the unique locally schlicht 
meromorphic function z — z{t) on U such that {z,t} = q{t) and z{t) = j + 0(|t|) in 
neighborhood point t — 0. Hence for any A e F there is unique element Pz{A) e PSL{2, C) 
such that z{At) = p,{A)z{t),t e U [1]. 

Let To = [F, {flfe, bk}l^i] be a marked compact Riemann surface of genus g > 2. We will 
choose and fixed a point to E U and set O = 7r{to). Then there exists a natural isomorphism 
between 7ri(F, O) and marked Fuchsian group 

F = {Al, Ag, B,, ...,Bg: [Al, B^]...[Ag, Bg] = 1} 



of the first kind on U, defined by aj Aj,bj — )■ Bj,j — 1, ...,g. 
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From the theory of Teichmueller spaces T^, it is known that there is a homeomorphism 
translating r = [F^, {afc(r), 6fc(r)}^^J G Tg in group 

= {^i(r), S,(r) : fliMr), Bj{r)] = 1} 

from space of normahzed marked Fuchsian groups on U [13]. Let 2; be a hnearly poly- 
morphic function on Fr = U/Tr, then for meromorphic function z = z{t) on U we have 
z{At) = Az{t),A e r^, A e PSL{2,C). The mapping A ^ A is called the monodromy 
homomorphism. It determines the marked monodromy group 

M[z] = {Ii(r),...,5,(r) : [Ii(r), 5i(r)]...[I,(r), 5,(r)] = 1}, 

i.e. M[z] is a point in [PSL{2, C)]^^. 

Let J> be a fundamental polygon for group F,- in U, whose border 

dJ^r = a+(r)6+(r)ar(r)6r(r)...a+(r)6+(r)a;(r)6;(r) 

is lifting of commutator path 

[ai{T),bi{T)]...[ag{T),bg{T)] 

from to E U; the sides of Jv arc paired identified by transformations ^^(t) : ^^(t) — > 
at{T),Bk{T):b^{T)^bt{T),k = l,...,g. 

According to F.Klein, we define the fundamental membrane Rz for function z — z{t) as 
the Riemannian (multivalued) image z{Fr)- Its is simply connected and unramified, but it 
is possible for mapping z : Tr ^ z{Tt) to be n— valued, n > 2. The sides of membrane 
are paired identified by transformations Ai(r), Bgir). There is an equivalence, connecting 
linearly polymorphic function z and its fundamental membrane. So, given a simply con- 
nected unramified domain R with indicated properties, there exists a locally schlicht linearly 
polymorphic function z on some marked compact Riemann surface F^. such that Rz — R [1]. 

Explicit construction of such a function z on i? is indicated in [1], and there is its general- 
izations, where instead of (f/, Fr) it one take the standard uniformization (A, G) for compact 
Riemann surface of genus g. Indeed, let z = z{t) be a locally schlicht linearly polymorphic 
function on r G Tg such that 

M[z] = {Ti, 1, 1, [/i, Ug.h, V^, Vg.h : [^1, V^] = ... = K] = 

\[[Us+^, = ... = \[[Ug-i^+^. Vg_,^^,\ = 1}. (*) 

Suppose that w : U ^ D^- is a Koebe uniformization of signature a = {h, s;ii, ...,im) 7^ 
(0, 2; 0, 0), \a\ = h + s + ii + ...+ijn = g,ij 7^ 1, J = 1, m, for marked compact Riemann 
surface r and 

Gr = {Ti, ...X: u[, VI, : [^{, VI] = ... = K, K'] = - 

tl tm 

is the corresponding marked Koebe group of signature a. Then the function Z — zw"^ is 
locally schlicht linearly polymorphic function on Dt- (invariant component of group G^). It 
satisfies the following relations: 

ZUit) = nz(t), k^l, h, ZU'fi) = UjZ{t), 
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ZV^'{t) = V,Z{t),j = l,...,g-h. 

Let Kr be a standard fundamental {2h + s + m)— connected domain for group Gr which 
sides are identified (in pairs) by standard generators of group G^, changing orientation of 
determining curves. 

We hst the basic properties of a fundamental membrane Z[Kt) : 

1) Z{Kt) is planar (i.. there is conformal mapping its on planar domain) and {2h + s + 
m)— connected, 

2) Z{Kt-) is unramified, 

3) the sides of Z{Kt) are identified, by linear fractionally transformation 

with relations (*). Repeating topological and analytical construction by D.. Hejhal [1, c. 
28-29], we have receive that for any membrane it! with properties 1) - 3) exists linearly 
polymorphic functions z — z{t) on U and Z{t) on D^. for some r e T^, which satisfy to the 
equation 

z = Zw, 

where z{U) = Z{Dt). Hence, we have an equivalence 

{z{t),Z{t))^R, 

where R has properties 1) - 3). 

Theorem (Kra - Gunning) [8; 5; 6]. Let z be a locally schlicht linearly polymorphic 
function on compact Riemann surface U/T = F of genus g >2. Then the following conditions 
are equivalent: 

1) A4[z] acts on z{U) discontinuously, 

2) z : U ^ z{U) is a (topological) covering mapping, 

3) ziU) ^ C. 

Lemma 1.1. Let w = w{t) be a locally schlicht linearly polymorphic function on 
compact Riemann surface F of genus g > 2 and w{U) ^ C. Then M[w\ is nonelementary, 
finite generated Kleinian group with invariant component w{U). 

Proof. Nonelementarity follows from theorem 7 [8] since w{U) has a hyperbolic covering. 
Discontinuity of A^[2;] or that A^[;s] is Kleinian group, follows from the theorem Kra-Gunning. 
As a consequence from this theorem we have that A4 [z] can not act discontinuously in greater 
domain than w{U), i.e. the domain w{U) is invariant component for group Lemma is 

proved. 

The main result in this section 1 is the following 

Theorem 1.2. Let w = w{t) be a locally schlicht linearly polymorphic function on 
compact Riemann surface F of genus g >2. Then w — w{t) is an uniformization of F if and 
only if the following conditions are carried out: 

1) w{U)^C, 

2) w{U)/ Ai[w] is a compact surface of genus g. 

Proof, li w — w{t) be an uniformization of F, then, by definition, pair {w{U), A4[w]) is 
those that w{U) / M.[w] is conformal equivalent to F, and w{U) is the covering surface for F. 
Hence, universal covering surface for w{U) will be a disc and so w{U) ^ C. 

Gonversely, from the condition w{U) 7^ C it follows that w : U ^ w{U) is a topological 
covering. Gonsider the commutative diagram of mapping given below. Here tt tt are natural 
projections and w is proper holomorphic covering mapping from F on compact Riemann 
surface Fi [16]. We notice that tt is ramified if and only if w is ramified. 
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u 



w{U) 



w 



TT 



TT 



u/r = F 



Fi^w{U)/M[w] 



w 



Prom the second condition of the theorem and Riemann-Hurwitz formula [17; 16] we are 
received that w be one-to-one and w is a conformal homeomorphism F on Fi. Theorem is 
proved. 

Remark 1.1. It is possible to prove that from condition 2) of the theorem 1.2 implies the 
condition 1). Inverse is not correct, see for example [6]. 

Prom the theorem 1.2 and the theorem 3 [22] we obtain following 

Corollary 1.3. Let w — w{t) is a locally schlicht linearly polymorphic function on 
marked compact Riemann surface F of genus g > 2 such that M. [w] is a marked Koebe 
group of signature a = (/i, s; ii, i^) 7^ (0, 2; 0, 0), \a\ = g, ij 7^ l,j = l,...,m. If 
w{U) 7^ C, then w — w{t) is a uniformization of F by the Koebe group of signature a. 

Remark 1.2. li w — w{t) is such as in the corollary 1.3, but w{U) — C, then statement 
of the corollary 1.3 is not truly. For the proof it is enough to construct a fundamental 
membrane Ryj for w such that A^ftt;] is the same as in corollary 1.3, but the mapping 
w : J-' ^ Rw = w{F) is n-valued, n > 2. Here J-" is an fundamental polygon of Fuchsian 
group r^, which uniformize F in disc U. Por signature a = {h, s;ii, 7^ (0, 2; 0, 0), 

\c\ = g > 2, we will consider the following cases: 

1) if h > 1, then R^ can be construct as in the theorem 6 [1] in the form of two-sheeted 
covering of a ring on ambient surface {w^ = z}, and from the top sheet it is necessary 
to remove domains which are bounded by: 2{h — 1) by the closed curves, s curvilinear 
quadrangles and m curvilinear polygons with 4ii, ...,4:im sides; 

2) ii h — 0,s > 2, then R^ can be construct as two-sheeted ring domains, which are 
bounded two curvilinear quadrangles, and further - as in 1); 

3) case h = 0, s = — ... — im = does not meet in to kind that g >2; 

4) if = 0, s = 0, 1, then exists k such that > 2, and Ryj can be construct as in the 
theorem 4 [1], as two-sheeted covering on ambient surface {w^ — {z — Ci){z — C2),Ci,C2 G 
C, Ci 7^ C2}, and further - as in 1). 

Remark 1.3. The corollary 1.3 and remark 1.2 show, that, as well as in classical problem 
of a choise of the accessory parameters for uniformization by Puchsian groups, problem of a 
choise of accessory parameters [1] for any standard uniformization compact Riemann surface 
by Koebe groups has unique solution, up to linear fractionally transformation, if linearly 
polymorphic function w has the limited image of a disc, i.e. w{U) 7^ C. 

Remark 1.4. The corollary 1.3 include, in particular, the theorem 3 and 5 by D.A. Hejhal 
[1] for the Puchsian group and the Schottky group respectively. Under the remark 1.2 we 
receive examples of monodromy groups, which are algebraically arranged as the marked 
Koebe group, but they arc act non discontinuously on w{U), though A1[w] is group of 
conformal homeomorphisms many-sheeted Riemannian domain w{U) on itself. 



2. The monodromy mapping 
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In this section we are investigated in the monodromy mapping p : TgQ M., where 
TgQ is a vector bundle of holomorphic quadratic abehan differentials over the Teichmueller 
space of compact Riemann surfaces of genus g, and Al is a space of monodromy groups for 
of genus g. D.A. Hejhal in [1] has shown that mapping p is local homeomorphism, but has 
not by the lifting of path property over Ai. But over a part Aiq, consisting of quasifuchsian 
uniformizations, it already has this property. Naturally it is interesting to find parts of space 
A4, admitting this property. In this section is proved that over any space, which consist of 
quasiconformal deformations by Koebe group of signature a — {h,s;ii,...,im), connected 
with standard uniformization compact Riemann surface of genus g — \a\, this mapping p 
has the lifting of path property. 

Two ordered collections Xi, Xg,Yi, ...,Yg and X[, X'g,Y(, ...,Yg are 
P,5L(2,C) -equivalent, ij^exists B e PSL{2,C) such that Xj^ = BXkB-\Y^ = BYkB'^ 
for all k — l,...,g. Let M. be the set of marked monodromy groups M.[z] for all r e Tg. 
Set M. = A4modPSL{2, C). This space we will named as space of the marked monodromy 
groups the fixed of genus g. In M and can be defined the topology of convergence 
on generators and the factor-topology respectively. R. Gunning [8] and D.A. Hejhal [1] 
have proved that M <Z J\f G [PSL{2,C)]'^^modPSL{2,C), where J\f be complex-analytic 
manifold of complex dimension 6g — 6 and Af be Hausdorf locally metrizable space and A4 
be subdomain in J\f. 

For r G we will denote through Q{t) the complex vector space of holomorphic quadratic 
differentials q = q{t,T)dt'^ on U/Tt-. The solution z = z{t) of the Schwartz equation {z,t} — 
q{t,T) is determined up to transformation from PSL{2,C). Such a way, the monodromy 
mapping is well defined by 

p{T,q{t,T)dt^) = M[z]modPSL{2,C). 

It is well known that: 1) dimcQij) = 3g — 3, 2) it is possible to enter basis qk(t, T)dt'^, k = 
1, Sg—3, in Q{t), which is globally complex-analytic depending from r on Tg[18]. Let TgQ 
be holomorphic vector bundle of holomorphic quadratic differentials over complex-analytic 
manifold T^. Hence, the monodromy mapping is determined 

p : TgQ M. 

It is easy to see that dimcTgQ = 6g — 6. Indeed by the theorem of H. Grauert [19], by 
virtue of simply connectivity of T^, the bundle is analytically equivalent to the trivial vector 
bundle of rank 3g — 3 over T^. 

A Beltrami differential with respect to a Kleinian group G is the form /j, = ij,{z)dz/dz, 
where 

1) n{z) e Loo(C), 

2) ii{Az)A'{z)/A'{z) = i^{z),Ae G, 

3) n\A{G) = 0, where A{G) be hmit set of group G. We will denote through M[A, G) = 
{/J, : suppii C A} a complex Banach space with the norm ||/x||oo and Mo(A,G) = {/x e 
M(A,G) : ||/x||oo < !}• Set that 0, 1, oo e A(G). We will consider a quasiconformal automor- 
phisms w — f^{z) on plane, where // e Mo(Jl(G),G), i.e. quasiconformal deformations of 
group G. Every automorphisms generate a Kleinian group = f^G{f^)~^ and isomor- 
phism Xfi '■ G ^ G^. Such two automorphisms /^^ and Z^^, and also Beltrami differentials 
III and iJ,2 appropriate to them from Mo(r2(G),G), we will name (strongly) quasiconformal 
equivalent, if 

1) they are homotopic on each surface Fj C D,{G)/G, 

2) /''I = /''^ on A(G') [20]. 
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It is clear that under these conditions = Xfii = Xfi2- '^^ classes of quasi- 

conformal equivalent Beltrami differentials /x G Mo{fl{G),G) is called the space T{Q{G),G) 
of quasiconformal deformations of group G. Let A be an G— invariant union connected com- 
ponents from Q[G). We will name fii and /X2 from Mo(A, G) to be of weakly quasiconformal 
equivalent, if = f^^ on A{G) (after suitable linear fractionally normalization). Factor- 
space T(A, G) space Mo(A, G) under this relation of equivalence we will name the space of 
weak quasiconformal deformations of group G with supports in A. Note that if all compo- 
nents from A will be simply connected, then T(A, G) = T(A, G) [20]. 

Denote through T(Go.) = T(Q(G^),Gfj) the space of weak quasiconformal deformations 
of marked Kocbe group Go- of signature a, which give standard uniformization in invariant 
component A^. of marked compact Riemann surface F„ of genus g >2, where \a\ = g. 

Definition 2.1. Appropriate to pair (r, q) E TgQ the solution 2; : [/ — > C of the Schwartz 
equation {z,t} = q{t,T) is defined normalized quasiconformal deformation /, e T(Gct), 
if exists A e PSL{2, C) such that: 

1) z{J^t) = A/(J-Act), where J> and J-a^ be standard fundamental domains for uniformiza- 
tions for r and F„ by Fuchsian group F,- in U and by G^ in A^- respectively, 

2) M[z] — AfGaf~^A'~^ (equality the marked groups). 

This definition is correct as if exists /i,/2 appropriate to pair (r, g) and then from 2) 
follows Aifi = A2/2 on A(Go) for some Ai,A2 G PSL{2, C), i.e. ///^ e [/z/^] in T(G^). 
We will identify T[G„) with his image in Ai on mapping 

T(G.) 3 [//] ^ {xM'i),X,{B[),...,X,iA'^),X,iB'^)) e M, 

where G^ = {A[, B[, ...,A'g, Bg} be fixed marked Koebe group G^ of signature a — 
{h,s;ii, g — and its has h generators equal 1, for example, A[ — ... — A'f^ — 1. 

Without restriction of a generality we assume that 0,1, 00 G A(Go-). Here Xm(^) ~ 
w'^Alw'^)'^, A G Go-, /i is the Beltrami differential for Go on Q{G„) and is a quasi- 
conformal automorphism on C, w^{0) = 0, w^(l) = 1, w^{oo) = 00, being the solution of 
the Schwartz equation with coefficient /x [20]. 

We note that for the a = {h, s; ii, i^) the space T(Go^) is complex-analytic submanifold 
of complex dimension 3(? — 3-1-3 (ii-|-...-|-i^ — m) in complex-analytic manifold A4 of complex 
dimension 6g — 6 [20; 15]. 

Remind the following classical results 

Theorem (H. Poincare [12]). If z — z{t) and w — w{t) are locally schlicht linearly 
polymorphic function on the same marked compact Riemann surface r G Tg, and A4[z\ — 

M[w], then z(t) = w{t) on U. 

The main results of this section is 

Theorem 2.1. The monodromy mapping p : TgQ — > M has the lifting of path property 
over any space T{Q{G„),G„) C A4, where the marked Koebe group G„ standardly uni- 
formize a marked compact Riemann surface of genus g > 2, in the invariant component A^, 
a = {h,s;ii, ...,im) (0,2;0, ...,0), ij 7^ l,j = 1, ...,m and \a\ = g. 

Proof Let a signature a ^ {0,0; g), i.e. G^ is not a Fuchsian group, since this case is 
considered in [1]. Denote by Bo- the set of pairs (r, q{t, T)dt^) G T^gQ such that any solution of 
the Schwartz equation {z.t} = q{t,T) is defined by normalized quasiconformal deformation 
of group Go- By the theorem 1[1] the mapping p : Bo — > p(Bo) = T(Go) is continuous 
and is a local homeomorphism. But mapping p : Bo^ — )■ T{G„) is not one-to-one for h ^ 0. 
Indeed, let (Ti,gi) and (r2,g'2) be distinct elements from Bp- such that Al[2;i] = Al[-Z2] 
(equality marked monodromy groups). Hence Zi{U) 7^ C and Z2{U) 7^ C. By the Maskit's 
theorem [21] there exists a conformal similarity of these groups on the marked Koebe group 
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Ga same signature a. Hence, under the theorem 3 [22] we have ri = [F, {ak, &fc}fc=i] and 
T2 = [F, {ip {(Ik) , "4^ {i>k}l^i], where F - compact Riemann surface of genus g, ifjiO) = O and ip 
belongs to not trivial group ©o- (see [22]) of homeomorphisms surface F on itself. If Ti = T2 
in Tg, then under the theorem Poincare we will receive qi = q-j. From here ri ^ T2 in T^, 
i.e. i/j is not homotopically identical mapping on F and distinct points (ri, qi), {t2, ^2) of Bg. 
under mapping p pass in the same point A^[2;i] = A4[^2] in Ai. 

By the Poincare theorem the mapping p on fiber Bo.(ro) of set B^. is homeomorphism 
for any tq G Tg. It is possible to identify the fiber Bo-(ro) with space T(C\A(Go,ct), ^0,0-) 
by a weak quasiconformal deformations of marked Koebe group Gq^„, with supports on 
C\A(G'o,(t)i where group Go,o- is of signature cr and standardly uniformize Tq in invariant 
component A(Go,(t)- Since, all non invariant component of Go,o- are simply connected, we 
have 

T(C\A(G'o,.),G'o,.) = t(C\A(G'o,a),G'o,.), 

where T(C\A(Go,<7), G^o,<t) is the space of quasiconformal deformations of group Go,(t with 
supports in C\A(Go,(t) [20]. Therefore T(C\A(G'o,ct), Go,a), as well B^(to), is simply con- 
nected. Since fiber Bo.(to) are contractible, B^ is also contractiblc and simply connected[l]. 

Now we show that any continuous path 7 = : < < 1} in T(G'o-) is lifted to 

continuous path 7 in TgQ from any point laying over A^(0). Let (To,go) ^ lays over 
Ai{0) = Ai[zo], where {zo,t} = qo{t,To). Denote by a Fuchsian group, which uniformize 
To with fundamental polygon J>(, in disc U. We will consider a compact Riemann surface 
ZQ{U)/Ai{0) of genus g with marking type {h,g — h), induced by image 2;o(9Jvo)- In case 
h ^ this making we will add to homotopical basis, i.e. Zo{U)/Ai{0) = [Fq, {ak,bk}l^i], 
dk^bk = O E Fq. By the theorem 3 [22] we obtain that Tq = [Fq, {ipoic^k) , i^o{bk)}k=i]j where 
■00 is some homeomorphism Fq on itself, ■0o(O) = O. 

For continuous family of groups — {Ai^^, Bg^^} there exists a continuous fam- 

ily of quasiconformal mappings of plane C onto itself such that M.{^) — f^M.{0)f^^, 
^ e [0, 1]. Hence, there is a continuous family of quasiconformal homeomorphisms from 
surface Tq on = [J^^Fq], {'ip^%{ak),^J^{bk)}l^i], = /^V'o(7?)"^ is homeomorphism 
/^(Fo) onto itself and map 2:0 ( ) / [zo| on f^{zo{J^ro))/M{0. Let = [F^, f^], where 
[Fq, /o] = [Fq, {ipoio-k) , 'ipo{bk)}l^i] = Tq and /o = 1 (identical mapping of Fq). Notice that au- 
tomorphism of group 7ri(/j(Fo)) with generators {/^(a/j), f^{bk)}l=i, induced by ip^, coincides 
with automorphism of group 7ri(Fo) with generators {a^, bk}k=i, induced by ipQ. Quasiconfor- 
mal mapping is lifted up to quasiconformal mapping (p^ : U ^ U. So, as is determined 
up to isotopy and A^(0 is continuous on ^, the mapping <f^{t) is continuous on U x [0, 1], 
and appropriate normalized Fuchsian group F^ = {Ai^^, Bg^^} has fundamental polygon 
= 93^(J>o)' < ^ < 1. Moreover ipo is identical mapping of disc U. We received family of 
mappings 

= h^ov^' ■■ u ^ z^{u), < e < 1, 

such that z^{J-'ri:) = f(^{zo{J^ro))- Hence, we have a continuous family of fundamental mem- 
branes, sides of whose are paired identified by generators of the group Hence, {z^} 
is a continuous family locally schlicht linearly polymorphic function on continuous family 
of marked compact Riemann surfaces [F^, {'ip^f^{(ik),'ip^f^{bk)}l^-^], C, G [0,1], respectively. 
Moreover, fi{zo{J^To)) defines a fundamental membrane for locally schlicht analytic linearly 
polymorphic function z^ on U with the monodromy group [1]. Thus, we have con- 
structed continuous path 70 = {{t^,Q^ — '■ C ^ [0)1]} from (to,5o) in B^ over 
{M{0:C^[0,1]}. 
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Let now A^[w] = A^(0) and w = w{s) corresponds ([F^, h^], q^) e TgQ\Bfj with Fuchsian 
collection 

where Ty^ be Fuchsian group with fundamental polygon J^y^, which uniformize F^, in disc U. 
By the theorem of Kra-Gunning we have w{U) = C, i.e. w is not uniformization for [F^,, hu,]- 
By the theorem 2 [1] it is possible to achieve that appropriate vertices of membranes w{Ty,) 
and 2;o(Jvo) would have identical coordinates. A fundamental membrane f^{w{J^w)) defines 
at ^ G [0, 1] (not analytic) locally schlicht linearly polymorphic function f^w on U such 
that f^w{Ak,^o) = Ak^if^w, fiw{Bk,w) = Bk^J^w, k = l,...,g. Continuously deforming the 
complex-analytic structure on these membranes with the help quasiconformal mapping [1], 
[6, C.348], we receive that defines a fundamental membrane for analytic locally 

schlicht linearly polymorphic function on U with the monodromy group for every 

ee[0,i]. 

Since 7 is continuously of ^, by the theorem 1[1], using found the fundamental membranes 
for linearly polymorphic function on U, we received a continuous path 7^ from (tq, go) £ 

and 7^ from {[F^, h^,], q^) G TgQ \ Eg-. Theorem is proved. 

Remark 2.1. By the theorem 1[1] and the theorem 2.1 it follows that: 

1) mapping p defined over space T{G„) = T{fl{Ga), Ga), as in the theorem, is a topological 
covering; 

2) since space is simply connected it is universal covering space for T(G'o-) and p : 
Bo- — >■ T{Ga) is the universal covering mapping. 

3. The exact variational formula for monodromy group of the 
hnear differential equation of the second order and for the solution 
of the nonlinear Schwartz equation on compact Riemann surface 

In work [2] D.A. Hejhal have started the research of monodromy group for linearly poly- 
morphic function on compact Riemann surface with the help of variational methods. He has 
found the first variation for monodromy group. Then C. Earle [4] has deduced the formula 
the first variation with the help quasiconformal mapping of Riemann surfaces. 

In this section we will received an exact variational formula for monodromy group of the 
linear differential equation of the second order and the first variation for solution of the 
Schwartz equation on compact Riemann surface. 

Let F be a compact Riemann surface of genus g,g >2; 7ri(F, O) is the fundamental group 
for F with basic point O, and F is the group of covering transformations for universal covering 
{U, it) over F. Here U = {t G C : |t| < 1}, vr : [/ — )> F is natural projection and U/T = F. Fix 
a point to G U, laying over O, and we will construct natural isomorphism of group 7ri(F, O) 
on Fuchsian group F of first kind. 

A multivalued locally meromorphic function z on F, which transforms linear fractionally 
under action group 7ri(F, O), is called linearly polymorphic function on F. Lifted it on {U, vr), 
we received meromorphic single- valued function z = z{t) on U, which satisfies the condition 

z(Lt) ^ Lz(t),L e PSL{2,C), (1) 

for L G F, t G U. Mapping L ^ L gives a homomorphism of group F in group PSL{2, C). 
Group, which consist of mappings L, when L runs F, is called by monodromy group for 
function z — z{t). Function 

2q{t) = {z,t} = {z"/zy-^-{z"/zr 
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satisfies the relation 

q{t) = q{Lt)L'{tf 

for L e r, i e U. Hence, q{t) defines the quadratic differential on F = U/T. 

A locally schlicht linearly polymorphic function z — z{t) satisfies on U of the Schwartz 
equation 

{z,t} = 2qit), (2) 
where q{t) be holomorphic function on U. Putting 

z{t) = v{t)/u{t),v{t) = z{t)/^/W)Mt) = (3) 

we receive that v — v{t),u — u{t) satisfy of the linear differential equation of the second 
order 

u"{t) + q{t)u{t) = (4) 

on F = U/r. We denote by Q{F) the vector space holomorphic quadratic (abehan) differen- 
tials on F = U/r. For equation (2) we will consider only the normalized solutions z — z{t) 
such that 

z{t) = {t- to) + 0((t - to)'), = 1 + out - tof),t ^ to. (5) 

We obtain that v = v{t) and u = u{t) are two linearly independent the solution of the 
equation (4) with conditions 

u{to) = 1, u{to) = 0, v{to) = 0, v'{to) = 1, (6) 

for any q = q{t)dt^ G Q{F). It is well known that the conditions (5) and (6) define the unique 
solutions of the equation (2) and (4) respectively. 
In work [2] was found the following relation 

where 

z{Lt) = Lz{t) = {az{t) + /3)(7^(t) + 5)-\iL{t) = Vl7{t), 
and for any L,K vahd a relations ^iKit) = ^L{Kt)^K{t)- There is a special choise of a 

sign at ^L{t) and at a matrix ^ ^ ^ ^ (see also [11, . 163]). 

Choose arbitrary r = r{t)dt^,q — q{t)dt^ from Q{F). Consider normalized by (5) a solu- 
tions z{t,h) of the Schwartz equation 

{z,t}^2[r{t) + hq{t)] (8) 

and normalized by (6) a solutions v{t, h) and u{t, h) of the linear equation 

u"{t) + [r{t) + hq{t)]u{t) = 0, (9) 

where /i e C, \h\ < £, £ is sufficiently small a positive number. Here z{t, h) — v{t, h)/u{t, h). 
Applying the Poincare theorem about small parameter [23], the Caushy-Kovalevski theorem, 
we receive Hartog's series [24] 

u{t, h) = u{t) + ui{t)h + u-2{t)h^ + ... + Un{t)K' + 

v{t, h) = v{t) + vi{t)h + V2{t)h^ + (10) 
which are uniformly converged on any compact inf/x{/i : \h\ < e}, where 
u{t),v{t),Ui{t),Vi{t) are holomorphic functions on U. From normalization (6) it follows that 

u{to) = l,u'{to) = 0,v{to) = 0,v'{to) = 1, 

Ui{to) = Vi{to) = <(to) = v',{to) = 0, i > 1. (11) 
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Substituting the series (10) in (9), we receive a infinite system of pairs of equations 

. u"{t) +r{t)u{t) = 
v"{t) + r{t)v{t) = 

. u'({t) + rit)ui{t) = -qit)u{t) 
^ v'{{t) + r{t)vi{t) = -q{t)v{t) 

r <(t) +r(t)M„(t) = -q{t)un-x{t) 
^ v'J,{t) + r{t)vn{t) = -q{t)vn-i{t) 

Solving the Caushy problem with zero initial conditions in point to for system with pair 
{ui{t),Vi{t)) on a method of an elementary variation of parameters, we find that 

^i(^) \ _ rf -qnv qvv \ f v(f) \ ^^^^ 



Ui(t) J J^^^ y —quu quv J \ u{t) 

where u = u(t),v = v{t) are the solutions the Caushy problem with initial conditions 
i^'i'to) = v'{to) = l,M'(to) = v{to) — for first pairs of equations. By induction for any 
n,n > 1, we will receive a relations 

( v{t) 

'^ri{t) ) \ -qUUn-1 qVUn-1 J \ u{t) 

- •4"-. w ( u§) ) = {' An-.(s)A(s)ds ( ;;w ) , (13) 



where 



It is easy to see that formula (13) gives two solutions of the Caushy problem with zero initial 
conditions in point to for system with pair {un{t) , Vn{t)) . 

Hence we receive the exact variational formula for solutions of the linear equation (9) 

1\' to = ( ) + " f ""'/i )+■■■= 

U{t,h) J \u{t) J \Ui{t) J \U2{t) J \Un{t) J 

J, A{s)ds + h'^ f Ao{s)A{s)ds + ... + h'' f An-2{s)A{s)ds + ...]■ 

/ Jto Jto Jto 

:;|?) ) - ^i>^^(^)^^ ■ ( :;g 

The expression in square brackets is called the matrizant of hA{s). 

For finding of the exact variational formula of the monodromy group for function z{t, h) 
it is necessary deduce some relations. By analogy with (7) we write for any h,\ h \ < e, 

z{Lt, h) = Lhz{t, h) = {aL{h)z{t, h) + PL{h))Mh)z{t, h) + 5L{h)y\ 

v(Lt,h) \_,(..f Mh) Pdh) \ ( v(t,h) \ 
u(Lt,h) J - 1^ 7l(/i) J \ u(t,h) ) ■ ^'^^ 

By elementary transformations, using (7), we obtain the following relations 

1 5 -\ 7l(0) 5^0) i • ^'^> 
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From the formulas (12), (7), (15) we have the equahty 

vi{Lt) 



ui{Lt) 



u{t) 



^awf .(.)...(; f)(:S).aw(«f)(::g). (la) 

Next, the equahty (13), (7), (15) give us 

= a(.) A(..o) ( « f ) ( :f ) ) + e.(^) Ao(L.o) ( f ) ( ) + (17) 

+eL(t) 



a ^\ V2{t) 

1 5 \ U2{t) 



smce 



^j\j^'Ms^ds^^^ f ).(.)..= 

+ j\j\{Lx,) ( " f ) di^(^i))^(«)d« = 
= Ao(Lio)(^ f )^o(^)+(" f )a(^). 



By induction on n, n > 2, we find the relations 



MLt) J Jto \ ^n-l{s) J \ ; \^ u{Lt) 



= KL(i)A.-l(ii0) ( " i ) + 
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, a /3 \ / \ / v{s) \ f v{t) 



n-1 



Using the relations (14) and (16) - (18), we receive 



/ ai(/i) ^^(/i) \ / vit,h) \_f v{Lt,h) \ _ 
^ ^L{h) 5L{h) ) \ u(t,h) )-[ u(Lt,h) J - 

u{Lt) J \ Ui{Lt) J \ U2{Lt) J \ UniLt) J 



+ ... 



+h-A^_,{Lto) ( " f ) ( If,] ) +/^"X:^.-i-,-(i^io) 



a /3 \ / t;,(t) 

7 5 M Mt) 



+ 



+/iN " ? V "^"S 1 + ...1 = 



7 5 y \ M„(t) 



Hence, we have the exact variational formula for elements of monodromy group of function 

z{t,h) 

( aL{h) PL{h) 
\lL{h) 5r.ih) 

= [(o i)+hAo{Lto)+h'A,{Lto) + ... + h^^A^.,{Lto) + ..](^'^^^^^^ Ho) ) ^ 
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where 



^n(^) = / An-i{s)A(s)ds,n > l,u{s) = u{s,Q),v{s) = v{s,0). 

J to 

Now we will deduce the variational formula for the solution of the Schwartz equation (8). 
Prom the formula (10) we have 

v{t,h) _ v{t)+vi{t)h + V2{t)h^ + ... _ 



z{t, h) = 



u{t,h) u{t) +ui{t)h + U2{t)h'^ + ... 



Using (12), we receive the equality 

vAt)»(t)- r(t)a,{t) _ 

^ ^--[u(t)(v(t) [ (-quv)ds + u(t) [ qv^ds) - v(t)(v(t) [ (-qu'^)ds+ 
{t) Jto Jto Jto 

+u{t) / qvuds)] — 

Jto 

^^—[u'^(t) I qv'^ds -2u(t)v(t) I quvds + v^{t) I qu^ds]^ 
{t) Jto Jto Jto 

= / q{s)[v(s) - z{t,0)u{s)]^ds, 
Jto 

where u — u{s, 0),v = v{s, 0). Hence, we have the variational formula 

z(t, h) = z{t, 0) + h [ q{s)[v{s) - z{t, 0)u{s)]^ds + o{h), h ^ 0. 

Jto 



By applying the standard formulas for coefficients can be received any variational term for 
z{t,h). 

Consider the Schwartz equation 

d 

{z,t}^2[r{t) + J2hjqj{t)] (19) 

and the linear equation 

d 

u"it) + [rit) + J2 hjqjitMt) = (20) 
j=i 

on F = f//r, where q-i{t)dt^ , ...,qd,{t)dt^ is a basis in space Q{F), h = {hi,...,hd) G C^, 
d = 3g — 3. Again we will consider only normalized solutions z{t,h) and v{t.h), u{t,h), 
with conditions (5) and (6) respectively, for any h such that \h\ = max|i<j<rf}. \ hj\ < e,e is 
sufficiently small a positive number. 

Now we deduce the variational formulas for the differential equations (19) and (20). By 
the Poincare theorem about small parameter [23], using decomposition for power series on 
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homogeneous polynomials in polydisk {t E C : \t\ < 6} x {h E C^^ ^ : \h\ < e} [24, p. 52] 
and the analytical continuation, we will receive the series 

oo oo 

u{t,h) = Yl ^mku...,kAt)hi---h''/ = J2 '^\k\;k{t)h\ 

|fc|=0 |fe|=0 

oo 

v{t, h)=J2 mkit)h'' = v{t) + J2 ^iAt)h''+ 

\k\=0 \k\=l 

^2;km' + -+Y1 ^n;km'' + (21) 
|fe|=2 \k\=n 

which are uniformly converged on any compact in polydisk {t : \t\ < 1} x {h : \h\ < e}. Here 
k — {ki, ...,kd) is the vector with integer nonnegative coordinates, and \k\ — ki + ... + k^. 
Prom normalization 

u{to, /i) = 1 = v'{to, h),u'{to, /i) = = v{to, h) 

for any /i, we receive 

Un;k{tQ) = <;fc(io) = Vn-kito) = v'^.^,^{tQ) = 0, 71 > 1, \k\ = U. (22) 

Substituting the series (21) in the equation (20), we receive a infinite system of pairs of linear 
differential equations 

, u"{t) + r{t)u{t) = 
^ v"{t) +r{t)v{t) = 0, 

ul,{t)+rit)u,.4t) = -q,it)uit) 
^ <fe(t)+r(t)t;i;fe(t) = -g,(t)t;(t), 

for k = Cj = (0, 0, 1, 0, 0), where 1 stands on the j-th place, j = 1, d; 

r <fc(^) +^(^)Wn;fc(^) = -^{r.kj^0}1jit)^n-l;k-e,{t) 
K;kit) +r{t)Vn;k{t) = -E{i:fe,.^0}9i(^)^n-l;fc-e,(t), 

for k = (fci, kd), \k\ = n; 

Hence, by method of elementary variation of parameters we find 

^i;fc(^) \ - f' f -IjU^ (Ij^^ J ^(^) 



ui-k{t) J J^^ \ -QjUU qjuv J \ u{t) 

/;M,w.,(::(*))..„,(,)(:f)) 



for k — Cj and = o,- ( | , 7 = 1, d. 

^ ^ y -uu uv J ' ' ' 

Then for k — {ki, k^), \k\ — 2, we have 

^2-k{^) ^ = V f ( QjVVi;k-e^ v{t) 
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v{t) 
u{t) 



Similarity for k = (/ci, ka), \k\ = n, we will receive equality 

Vn;k{t) \ ^ /"V -QjUVn^l-k-ej qjWn^l-k-e, \ f v(t) 

Un;k{t) J ..jrl^Jto V -QjUUn-l;k-ej QjVUn-l.k-e, J ^ \ u{t) 

Thus, we have proved the following 

Theorem 3.1. For pair of independent solutions of tlie equation (20) witli normalization 
(6) valid the exact variational formula 

v{t,h) \_( vit) ^ 
u{tM )-\u{t) ) + l^\u,.,u{t) j''^ 



v{t) 
nit) j ' 



[( J i) + Yl Ao.,k{t)h' + J2 Al;k{t)h' + - + E ^n-l;k{t)h' + ... 
^ ^ |fc|=l \k\=2 \k\=n 

Where Ao.,,{t) = ^ M,{s)ds for k = e,, M,(.) = g, (.) ( Zl['J^l^^]^ ) , J = 1, d; 

^n;(fci,...,fed)W = f Yl An-l;k-ej{s)Mj{s)ds, 

n>l,\k\>2,d = 3g- 3, \h\ < e. 

Derive the first variation for the solution of the Schwartz equation (19): 

^^t^h^ ^ 'it^h) _ v(t) + j:l,Vi{t)hi + ... _ 



it,h) u{t) + T.tini{t)hi + ... 

=.(f,o)+x:ft4 "''^"'''^"'''''"'''' ]+...= 

1=1 ^ ' 

\2, 



^ z{t,^) + 2_^hi / qi{s){v{s) - z{t,Q)u{s)Yds + ... 
i=l •^*o 

Thus we have proved the following 

Theorem 3.2. Let z(t, h) be the solution of the Schwartz equation (19) with normaliza- 
tion (5). Then for h = {hi, /i^), \h\ < e, valid the variational formula 

z{t, h) = z{t, 0) + E / - z{t, Q)u{s)fds + o{\h\), \h\ 0. 

i=l •^*o 

Remark 3.1. Applying the formulas for coefficients quotient power series can be receive 
also any variational term for the solution z{t, h) of the Schwartz equation (19) on fixed 
compact Riemann surface F — U/T. 
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To conclude of the variational formulas for elements of monodromy groups it is necessary 
to find some additional relations connected with group F. First of all, for k — (/ci, kd) — 
Cj, \k\ — 1, j — 1, d, we find 



£ M,(.) ( « f ) ( :f) ) ^ ( ; f ) ( :g ) 



For k — {ki, ...,kd), \k\ = 2, we get 



^ ^L{t)Ai.k{Lto) 



a /5 \ / v{t) 
1 6 [ u{t) 



+ 



v{t) 
u{t) 



7 / V ^2;fe(i) 



+ 



For /c = {ki, kd), \k\ — 3, we find 
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a 13 \ I vi.ejit) 

1 ^ ) \ Ul-eM 



+ 



( ; ' ) ( ; ■ 

By induction for any n > 1, we receive the equality 

Vn+l-k{Lt) 



/Lt 



^ Un+l;kiLt) 

Lt 

Un;k-eAs) J [O i '"M HLt) 



Vn-k-eM \ f -U{s) V{s) \ ( v{Lt) 



a f3 \ f v{s) 
7 5 M 



+...+ E E ... 

a (3 



{j„_i:(A;-ej-ej^-...-ej^_2)j^_-^7^0} 

^'n-l;eji+e,-2+...+ej„_,('S) ^ , / « ^ / Vn-k-ei{s) 



7 5 



M„_l;e,.^+e,2+...+e^^_^(s) ^ ^ V ^ ^ ) \ Un;k-ej{S) 
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+ XI XI X ^„-3;fc-e,-e,, -6,2(^^0) ( ^ f j 

(::::::'::'(«)) ^-^ E e e - 

X ^0;fe-e,-e,,-e,2-...-e,„_i(^^o) f " 

{j„_i:(fc-ej-ej^-...-ej^_2)j^_l7^0} 

/ t^n;ej+e3-^+e32+...+ej„_j 

V Mn;e,+e,,+e,,+...+e,_,(t) ^ \1 ^ ) \ «n+l;fc(^) 7^' 

Taking into account the previous equality we receive that the following equality is valid 

. ( Mh) Pdh) \ ( v{t,h) \_( v{Lt,h) \ _ 
^^^'^ V hih) J [ u{t,h) )-\ u{Lt,h) ) - 



u{Lt) ^ \ ui-kiLt) 

^ \k\=\ ^ 



+ 



+ > 1 :-",T.', 1 + ...+ > :/.- 1 ) + ... 



- E E -^".-.(^w ( ; ( w ) " 



- E E ^..-.(^« ( ; ( w ) + 

|fe|=3 O:fe,^0} ^ ' ^ ^ ''^^^ ^ ^ 

^E"' E E w..(«o)(; 
+ E A' E E ■^-3*-.-.. ( ; ( S ) ^ 



\k\=n {j.kj^O} {ii:(fc-ej)jj^O} {j„-2:ik-ej-ej-^-...-ej^_.j^)j^_2^0} 

' v{t,h) 



u{t,h) ' 



|fe|=n 

Thus, we received main result 

Theorem 3.3. Let Ai[z{t,h)] he the monodromy group for the solution z{t,h) of the 
Schwartz equation (19) with normalization (5) on compact Riemann surface F = U/F. Then 
vahd the exact variational formulas for h = [hi, hd), \h\ < e, 



\k\=n 

where I be unit matrix of order 2, L e F, ^o;fe(^) — Jto^ji^)^^ ^ — ^ji^) 
13^^) I -u{s)u{s) u{s)v{s) j ' - ^' 



An;{k^,...M{t) = /" E An-l;k-e,{s)Mj{s)ds, 

n > l,\k\ > 2,d = 3g-3,\h\ < e. 

Remark 3.2. The variational formulas show us how the monodromy group and the solution 
of the Schwartz equation depend of accessory parameters {hi, hd). In particular, they give 
the exact variational formula for generators any quasifuchsian group and any Koebe group 
which uniformize a compact Riemann surface of genus g >2. 

Remark 3.3. Prom a relation 



ai(0) &(0) ai(0) /3i(0) \ ' 



dMLt) = _^^J^'^ j dMt) ^ j ,Ler,teU, 

follows that the matrix differential form dAo{t) is a Prym differentials in sense of Gunning 
[25, .160, 224], with respect to characters, equal the monodromy homomorphism for Fuchsian 
group r with values in PSL{2, C). Thus, the variational theory of monodromy groups for 
linearly polymorphic functions (complex projective structures) on compact Riemann surface 
depends on the periods such Prym differentials. 
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